that when the distribution functions of X and Y are properly composed into C, the joint distribution function of (X, Y ) results. A copula is said to be D 4 -invariant if its mass distribution is invariant with respect to the symmetries of the unit square. A D 4 -invariant copula leads naturally to a family of measures of concordance having a particular form, and all copulas generating this family are D 4 -invariant. The construction examined here includes Spearman's rho and Gini's measure of association as special cases.
). There is a one-to-one correspondence between copulas and doubly stochastic measures. Besides being associated with a doubly stochastic measure, a copula can be uniquely determined by a continuous random vector. By Sklar's theorem, for any continuous random vector, (X, Y ), with marginals, F X and F Y , respectively, and joint distribution function, F X,Y , there exists a unique copula, C, such that F X,Y (x, y) = C(F X (x), F Y (y)) (see [1, 3] ).
The simplest examples are as follows. If Y is an almost surely increasing function of X, then its associated copula is M(x, y) = min(x, y). If Y is an almost surely decreasing function of X, then its associated copula is W (x,y) = max(x + y − 1, 0). Finally, if X and Y are independent, then their associated copula is Π(x, y) = xy (again see [3] ).
When considering two random variables, it can be useful to know how much large values of one random variable correspond to large values of the other. More formally, for any two observations, (X 1 ,Y 1 ) and (X 2 ,Y 2 ), from a continuous random vector, (X, Y ), the two observations are said to be concordant if either X 1 < X 2 and Y 1 < Y 2 , or X 2 < X 1 and Y 2 < Y 1 . Similarly, the two observations are said to be discordant if either X 1 < X 2 and Y 2 < Y 1 , or X 2 < X 1 and Y 1 < Y 2 . The properties of concordance and discordance can be gauged by a measure of concordance, a concept developed by Scarsini [4] and presented in [3] .
A measure of concordance associates to a continuous random vector, (X, Y ), a real number, κ X,Y . As developed by Scarsini, it can be shown that this value depends only on the copula C, uniquely associated with (X, Y ). Because of this, we sometimes write κ C instead of κ X,Y . The following definition of a measure of concordance can be found in [3] . Definition 1.1. Let C be the copula associated with the continuous random vector, (X, Y ). Let κ X,Y be a functional mapping the set of all copulas to R. κ X,Y (which can also be denoted κ C if C is the copula for (X, Y )) is a measure of concordance if the following conditions are satisfied:
(1) κ C is defined for every copula, C,
if X and Y are independent, then κ X,Y = 0, (8) if C 1 and C 2 are copulas, where
if C n is a sequence of copulas, where
Spearman's rho, ρ, and Gini's measure of association, γ, are two examples of measures of concordance. Spearman's rho can be expressed as ρ C = 12 I 2 CdΠ − 3, where Π(x, y) = xy, while Gini's measure of association can be expressed as [3, 5] . Note that each is of the form κ C = α I 2 CdA − β, where A is a fixed copula and α, β ∈ R. Definition 1.2. A copular measure of concordance is one of the form κ C = α I 2 CdA − β, where A is a fixed copula and α, β ∈ R. Definition 1.3. A copula A, is copular generating if there exist α, β ∈ R such that C α I 2 CdA − β is a measure of concordance.
When you are dealing with copular measures of concordance you are in effect dealing with an expression where the difference of the probabilities of concordance and discordance are taken. Namely, for any continuous random vectors, (X 1 ,X 2 ) and (Y 1 ,Y 2 ), respectively, associated with a copula C and a fixed, copular-generating copula A, we are dealing with P (
. For more details on this matter, one may refer to [3] .
The 
gives the amount of probabilistic mass contained in the rec-
as determined by the doubly stochastic measure associated with C. 
While it might not always be obvious that a copula C is D 4 -invariant, it is certainly easy to construct one from C since
It is when the properties 4 that the principles behind the main theorem take shape, giving a nice theoretical characterization and providing a way to construct many measures of concordance.
The theorem states that a copula is copular generating if and only if it is
In the second section, some background information is given, where measures of concordance are considered entirely in terms of copulas and their symmetries. Also included in the section are some helpful lemmas with their proofs. The third and final section includes the formulation and proof of the main result, in addition to some remarks we think may be of some interest.
Background and lemmas.
Here and in all that follows, we assume that we are dealing with continuous random vectors.
Observe Table 2 .1 with regard to the correspondence between the copula C d for each d ∈ D 4 and a random vector with which it is associated. Note that
where
When considering the copulas M, W , and Π as well as Table 2 .1, Definition 1.1 may be rewritten. Definition 2.1. Let C be the copula associated with the continuous random vector, (X, Y ). Let κ C be a functional mapping the set of all copulas to R. κ C is a measure of concordance if the following conditions are satisfied:
(1) κ C is defined for every copula C,
if C 1 and C 2 are copulas, where
if C n is a sequence of copulas, where C n → C pointwise, then κ Cn → κ C . 
, the proof is quite brief,
BdA. 
Proof. Let (X 1 ,Y 1 ) and (X 2 ,Y 2 ) be independent, continuous random vectors associated with A and B, respectively.
For d = h,
For d = r 2 using Lemma 2.2,
Noting that hr = r 3 h and r 2 is in the center of D 4 , we then have for d = r ,
(2.4)
Since our assertion holds for d = r ,r 2 , the case when d = r 3 is clear.
Since r 2 is in the center of D 4 and our assertion holds for d = h, r 2 , the case when d = hr 2 is readily seen. 
Consider a grid being placed on I 2 such that it is divided into square cells having the dimensions 1/n × 1/n. We construct a copula by assigning a constant mass density, δ i,k , to the cell in the ith column from the left and kth row from the bottom, where
Such a notion is a particular instance of a checkerboard copula (see [1] ).
The following concepts and notation will be used to construct the checkerboard copulas, Q 1 p,n and Q 2 p,n , that depend on a fixed point p ∈ (0, 1) 2 and n ∈ N.
(ii) Choose p in the interior of I 2 . There exists N ∈ N such that for 
p,n have the following densities assigned to its cells:
We make use of Q 
Lemma 2.5. For a fixed copula A and α, β ∈ R, let κ C = α I 2 CdA − β, where α ≠ 0. If 
Proof. Note that since
(2.13)
By subtraction and application of Lemmas 2.2 and 2.3, we have
so that 
A characterization of copular generating copulas and remarks

Theorem 3.1. A copula is copular generating if and only if it is D 4 -invariant.
Proof. Suppose that A is copular generating. Note that α ≠ 0 since a measure of concordance is not constant. Therefore, by Lemma 2.5, A is D 4 -invariant. Now, we assume that A is D 4 -invariant. Setting A(x, x)dx > 0, we have
By the chosen form of κ, it is clear that κ M = 1. By the D 4 -invariance of A and Lemma 2.3,
It is similarly attained that κ C h = κ C hr 2 = −κ C . In particular, noting that M h = W and Π h = Π, we see that κ W = −1 and κ Π = 0.
Recall from (3.2) that α > 0. Since
Finally, since every sequence of copulas converging to a copula pointwise does so uniformly (see [3] ), it follows that if C n → C pointwise, then I 2 C n dA → I 2 CdA. Hence, κ Cn → κ C . Remark 3.2. By Theorem 3.1, any D 4 -invariant copula and only a D 4 -invariant copula generates a copular measure of concordance. For example, one may generate a copular measure of concordance using the copula associated with the circular uniform distribution which is presented in [3] :
There is a uniqueness among copular measures of concordance. In other words, for any two copular measures of concordance,
CdA − β, (3.5) whereÂ and A are copular generating andα, α,β, β ∈ R, ifκ C = κ C for every copula C,
Here is a verification. Sinceκ C h = −κ C and κ C h = −κ C , we know that
Then, from the D 4 -invariance ofÂ and A we have by Lemma 2.3, [3, 5] , though a measure of concordance, is not a copular measure of concordance.
To see this, first note that the convex sum of any copulas C 1 and C 2 , is also a copula. Assume there exists κ C , a copular measure of concordance, such that κ C = τ C for every copula C. Notice that if p, q ≥ 0 and p + q = 1, then κ pC 1 
